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Why 6Li
 2

Experiment 

• 6Li is stable: high beam intensity 

• High accuracy data exist for elastic  

   scattering, breakup, fusion, 

   and incomplete fusion

Theory 

• 6Li has two body cluster structure 

• 6Li induced reaction can be analyzed  

by a three body model 



Problem to solve
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S. SANTRA et al. PHYSICAL REVIEW C 85, 014612 (2012)

E
lab (MeV)

25 30 35 40 45 50

σ 
(m

b)

10-3

10-2

10-1

100

101

102

103

Total α+d breakup (CDCC)
6Li(3+,res.) −> α+d (CDCC)
6Li −>5Li −>α+p (CRC)
6Li-->5Li-->α+p(normalized)
d-capture
Breakup+transfer+dcapture 

FIG. 6. (Color online) Inclusive breakup α (circles, present data)
and α contributions from different transfer and breakup channels (see
text for details). Squares and stars represent data on exclusive “d+ α”
(sequential) breakup and “p + α” breakup [15], respectively.

Elab = 36 and 40 MeV [15]. This may be due to the coupling of
only few low lying transfer excited states. For 6Li + 208Pb [10],
it was shown that most of the “α + p” contributions are via
the transfer “6Li → 5Li” at optimum Q-value (−7.7 MeV).
A recent exclusive measurement on 6Li + 208Pb at Elab =
29 MeV [39] shows that the cross section for “α + p” breakup
is even higher than “α + d” breakup specially at higher
relative energies. So, the measured cross section for “α + p”
breakup in the 6Li + 209Bi reaction could be a lower limit as
mentioned earlier [15]. However, it is difficult to calculate
the absolute cross section corresponding to all the relative
energies as the spectroscopy factors are not known for higher
excited states of the outgoing 1n transfer channel. Thus the
cross section values obtained only from the low lying excited
states were normalized to the measured data at two energies
to estimate the realistic “α + p” contribution (long-dashed
line).

Combined cross section of total “α + d”, “α + p” (normal-
ized), and d capture, shown by a solid line, was found to be
pretty close to the measured σ incl

α but slightly smaller than the
measured values. Difference between the theory and the data
could possibly arise due to the lower limit in the contribution
from the “α + p” channel as mentioned above.

IV. SYSTEMATICS OF INCLUSIVE α

To test the universality of the α production in the reactions
involving the weakly bound 6Li projectile and targets with
different masses and atomic numbers such as 28Si [6], 58Ni,
118,120Sn [5], 59Co [8], 90Zr [7], 208Pb [2,40], and 209Bi, σ incl

α

was plotted in Fig. 7(a) as a function of normalized energy
(Ec.m./Vb). The value of Vb for the present system was taken
to be 30.1 MeV from Ref. [17] where it has been derived from
the precisely measured fusion excitation function and barrier
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FIG. 7. (Color online) Inclusive breakup α cross sections involv-
ing 6Li projectile with several different targets including 209Bi (present
data) as a function of (a) Ec.m./Vb and (b) Ec.m./[ZpZt/(A1/3

p +
A

1/3
t )]. The solid line in (b) represents the values of “σreac −σCF”

for 6Li + 209Bi.

distribution. Vb for the rest of the systems are taken to be same
as in Refs. [5– 7]. It was interesting to see that cross sections
for the present system do not fall in the universal curve as
described in Refs. [5– 7]. The reason was found to be due to the
use of inconsistent value of the Coulomb barrier (Vb) which
are obtained from two different methods. The one is taken
to be equal to the energy at which the backscattering cross
section deviates from the Rutherford cross section, and the
other is the average fusion barrier from the measured barrier
distribution. For some of the above systems for which none of
the measurements are available the Vb has been obtained by
scaling the Z value of the target with respect to a system whose
barrier is measured. It was found that the Vb for 6Li + 208Pb
was taken to be 25 MeV [5] which is ∼5 MeV smaller than
the nearby and present system 6Li + 209Bi. However, by Z
scaling the expected Vb for these two systems should be within
±0.4 MeV. Also, from the comparative study of 12C + 208Pb
and 12C + 209Bi reactions [41] it is known that 208Pb and 209Bi

014612-6

inclusive alphas

• Theoretical prediction of alphas 

• Not only integrated cross section, but 

also angular distribution

S. Santra et al., Phys. Rev. C 85, 014612(2012).

•Find the relation between breakup and 

fusion 

• explain the fusion suppression of weakly 

bound induced reaction  

• Predict the fusion cross section  Taken from Kaitlin’s talk



Inclusive breakup of 6Li induced reaction
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6Li

α
Experimental point of view 

• 6Li induced reaction 

• Only alpha is detected

Theoretical point of view 
• Contributions of alphas 

•solve the problem by using a three body model (alpha+d+209Bi)

6Li +209 Bi → α + d +209 Bi
→ α + n + p +209 Bi
→ α + d +209 Bi*
→ α + n + p +209 Bi*
→ α + n +210 Po
→ α + n +210 Po*. . .

3b elastic breakup 
4b elastic breakup 

3b  
nonelastic 
 breakup 

4b  
nonelastic 
 breakup 

transfer

incomplete fusion

scattering

absorption



Experimental examples of inclusive breakup
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S. Santra et al, Phys. Rev. C 85, 014612 (2012)

6Li(d+𝛼) induced reaction 

n
A A

dp

B*

Desired Reaction Surrogate Reaction 

Surrogate reaction 
Andrew Ratkiewicz’s talk on April 7th 

Jutta Escher’s talk on June 11th 

• Study the Spectroscopic factor 

• Current theory based on semi-
classical (eikonal approximation) 

• Fully quantum model is needed  9Be(14O, 13O X)

Knockout reaction 
Angela Bonaccorso’s talk on April 30th



Theoretical models for inclusive (nonelastic) breakup
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• Requires inclusion of all possible processes through which the breakup fragment can 
interact with the target. Impractical in most cases.

Goals

• Find a suitable model for inclusive 
breakup

• Explore relations between these 
models

Challenges

• Numerically difficult

• No numerical implementation in 
1980s-2000s even for Finite Range 
DWBA

In 1980s

• Ichimura, Austern, and Vincent developed a 
spectator-participant model (post-form) 

• Udagawa and Tamura suggested a breakup-fusion 
model (prior-form) 

Phys. Rev. C 23, 1847 (1981) 
Phys. Rev. C 32, 431 (1985)

Phys. Rev. C 24, 1348 (1981) 
Phys. Lett. B 135, 333(1984)

• Hussein and McVoy adopted a spectator model with 
the Feshbach projection method 

Nucl. Phys. A 445, 124 (1985)

• Three different approaches with different predictions 



The Ichimura, Austern, Vincent (IAV) model
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• A three body model:  
• a + A ⟶ b + anything

b+x

(x+A)*
Any possible states between 
x and A (including all nucleons 

degree of freedom)



Two body scattering with an optical potential
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(x+A)* x+A

elastic scattering 

inelastic scattering 
breakup reaction 
transfer reaction 
fusion reaction 
… 

nonelastic scattering 
(absorption/reaction)

cross section: related to asymptotic part

σel =
π
k2

∞

∑
L=0

(2L + 1) 1 − SL
2

SL

cross section: related to interior part

σA =
2

ℏv
4π
k2 ∑

L

(2L + 1)∫
∞

0
[−W(R)] χL(R)

2
dRW(R)

Key point 
relative wave function  

between x and A 



The Ichimura, Austern, Vincent (IAV) model
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• A three body model:  
• a + A ⟶ b + anything

b+x

(x+A)*
Any possible states between 
x and A (including all nucleons 

degree of freedom)

• Relative wave function between x and A in three body reaction with optical potentials

(Ex − Kx − Ux) φx(kb, rx) = ⟨rx χb(kb) |Vpost |Ψ3b⟩

φℓ
x (kb, rx)

r→∞ − Sℓℋ+
l

• Nonelastic breakup:  
(absorption)

d2σ
dEbdΩb

= −
2

ℏva
ρb(Eb)⟨φx( ⃗k b) |Wx |φx( ⃗k b)⟩

• Elastic breakup:  
(three body scattering)

d3σ
dEbdΩbdΩx

=
(2πℏ)3

μ2
x va

ρb (Eb) ρx (Ex) f ( ̂kb, ̂kx)
2

f ( ̂kb, ̂kx) = − ∑ 𝒞𝒢Ymb
lb

( ̂kb)Y
mx
lx

( ̂kx)i−lxSℓ

equivalent to CDCC



Effective two body interactions
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• Effective two body interaction in three body model 

• Testing the effective interactions in CDCC model

Ψ3b(+) ≃ ΨCDCC(+) (ra, rbx) = ∑
i

ϕi
a (rbx) χi(+)

a (ra) +
N

∑
c

ϕc
a (kc, rbx) χc(+)

a (Kc, ra)

• Compare the elastic scattering cross section with the data

0.95

1

1.05

1.1

dσ
/d
σ

R

OMP
CDCC

0.9

1

1.1

0.6

0.8

1

0

0.5

1

0

0.5

1

0 50 100 150
θcm (deg.)

0

0.5

1

dσ
/d
σ
R

0 50 100 150
θcm(deg.)

0

0.5

1

0 50 100 150
θcm(deg.)

0

0.5

1

0 50 100 150
θcm (deg.)

0

0.5

1

0 50 100 150
θcm (deg.)

0

0.5

1

24 MeV 26 MeV 28MeV

30MeV 32MeV

34MeV 36MeV 38MeV 40MeV 50MeV

data: S. Santra et al., Phys. Rev. C 83, 034616 (2011).



Inclusive breakup of 209Bi(6Li,𝛼X)  11
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• 6Li⇒ (alpha + d), S(d)=1.474 MeV 

• Only alpha is detected 
- data: S. Santra et al.,  

Phys. Rev. C 85, 014612(2012). 

• EBU : CDCC (FRESCO) 

• NEB : IAV model 
- DWBA 

• Total Breakup (TBU)=EBU+NEB

JL and A. M. Moro,  
Phys. Rev. C 92, 044616 (2015)

• Dominated by NEB 

• EBU has large contributions at 

small angles 

• Supports IAV model  

Ψ3b(+) ≃ ΨDWBA(+) = χ(+)
a ϕa



Breakup and fusion
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• From the barrier penetration picture

E

R

tightly bound nuclei

E

R

weakly bound nuclei

• Complete Fusion is suppressed due to weak binding of the projectile

• Complete fusion: total 
charge of the projectile is 
absorbed by the target 

• Incomplete fusion: part 
of the projectile is 
absorbed by the target

• To correctly understand fusion suppression 
(not only from semi-classical picture) and 
simultaneously predict the complete fusion 
cross section 

• To study incomplete fusion is breakup-fusion 
(two-step) or transfer to continuum (one-
step) 

Challenges
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Study the fusion cross section through a three body model
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d

α

(6Li+A)*

Ag.s.

Ag.s.

A*

d

α

ELASTIC BREAKUP (EBU)
("diffraction")

INELASTIC BREAKUP

α

A (A+d)*

A
d

(A+α)*

n p

n

INCOMPLETE FUSION
&

TRANSFER

COMPLETE FUSION
+

EVAPORATION

σR ≈ σCF + σEBU + σ(b)
NEB + σ(x)

NEB

• Take 6Li+A as an example



Study the fusion cross section through a three body model
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• Apply the above 
relation to 6Li+209Bi 
reaction around the 
Coulomb barrier 

• Compare calculated 
fusion cross section 
with experiment

σCF ≈ σR − σEBU − σ(b)
NEB − σ(x)

NEB

Data: M. Dasgupta et al., Phys. Rev. C 70, 024606 (2004)

CF: complete fusion
EBU: elastic breakup

NEB: nonelastic breakup

JL and Antonio M. Moro,  
Phys. Rev. Lett. 122, 042503 (2019)

• EBU mechanism plays 
a minor role 

• Dominant breakup 
mechanism in both 
reactions is alpha 
production due to 
(6Li,𝛼X) NEB.
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Unraveling the mechanisms leading to fusion suppression
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K. J. CookK. J. Cook 54

What is the mechanism for suppression of complete fusion?

• Weak binding leads to strong 
clustering → Displacement of 
clusters from the center of mass. 

• This makes the triton amenable 
to transfer → ICF

• Requires the center of mass of 
the 7Li projectile to get closer to 
the target so that the entire 
projectile fuses. → CF 
suppression

• Numerical support from Lei & 
Moro PRL 122 042503 (2019)  
using the Ichimura, Austern, and 
Vincent (IAV) spectator-
participant inclusive breakup 
model. They associate it with a 
“Trojan Horse” mechanism.

r

t

Taken from  
Kaitlin’s talk • No-capture breakup has larger b  

• Breakup-capture has smaller b

• Requires the center of mass of 

the projectile to get closer to the 

target so that the entire 

projectile fuses.



Unraveling the mechanisms leading to fusion suppression
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BPM

Use a toy model to study 
effects of separation energy 
- vary the binding energy of 

6Li(𝛼+d) in the projectile.
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When the binding energy 
becomes larger, the 
calculated cross section 
approaches the barrier 
penetration model (BPM)

JL and Antonio M. Moro,  
Phys. Rev. Lett. 122, 042503 (2019)
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Why NEB is so important
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6Li +209 Bi → α + (d +209 Bi)*

The NEB of 𝛼 production
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d +209 Bi → (d +209 Bi)*
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JL and Antonio M. Moro,  
Phys. Rev. Lett. 122, 042503 (2019)



Incomplete fusion
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L.F. Canto et al. Physics Reports 424 (2006) 1 – 111

suggested two step process suggested one step process

Incomplete fusion is part of the 
projectile absorbed by the target 

By definition, ICF is part of NEB, for 
example  

σ(6Li+209Bi-> 𝛼 + 211Po*)=σ(NEB)-
σ(6Li+209Bi-> d+𝛼+ 209Bi*)-
σ(6Li+209Bi-> n+p+𝛼+ 209Bi)-
σ(6Li+209Bi-> n+p+𝛼+ 209Bi*)-others



Exploring the reaction path for incomplete fusion
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Incomplete fusion: part 
of the projectile 
absorbed by the target 

Two-step: projectile is 
inelastically excited into 
its continuum and then 
fuses with the target 

One-step: fragment 
fuses with the target 
directly from its ground 
state

Resolve this puzzle by studying nonelastic breakup (incomplete fusion is a part) 

• Continuum and ground states 
are separated  

• Allows to study continuum 
effects on the NEB 

• Test validity of DWBA

Use CDCC wave-function in the IAV model:  

φx(kb, rx) = ∫ Gx(rx, r′�x)⟨r′�x χ(−)
b |Vpost |ΨCDCC(+)⟩dr′�xΨCDCC(+)

ΨCDCC(+)(ra, rbx) = ∑
b

ϕb
a(rbx)χb(+)

a (ra) + ∫ dkϕk
a (rbx)χk(+)

a (ra)ΨCDCC(+)



Apply to 6Li induced reaction
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• DWBA is a good approximation compared 

to CDCC 

• Nonelastic breakup (incomplete fusion) 

is mixture of one-step (>90%) and two-

step (<10%) processes

JL and Antonio M. Moro,  
Phys. Rev. Lett. 123, 232501(2019)

ΨCDCC(+)(ra, rbx) = ∑
b

ϕb
a(rbx)χb(+)

a (ra) + ∫ dkϕk
a (rbx)χk(+)

a (ra)ΨCDCC(+)

ΨCDCC(+)g.s.(ra, rbx) = ∑
b

ϕb
a(rbx)χb(+)

a (ra)ΨCDCC(+)g.s.

ΨDWBA(+)(ra, rbx) = ϕa(rbx)χ(+)
a (ra)ΨDWBA(+)



Summary and outlook
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• Summary  

• Studied 6Li induced reactions  

• Found the reaction mechanism for complete fusion suppression  

• Investigated the reaction path for incomplete fusion (nonelastic breakup) 

• Outlook  

• Find a suitable theory to extract incomplete fusion cross sections for deuteron 
(surrogate reaction) and 6Li 

• Apply the IAV model for knockout reaction to verify semi-classical model   

• Study uncertainties caused by effective interactions  




